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Abstract

General inclusion problems of anisotropic and fully coupled magnetoelectroelastic solids are studied analytically in
this paper. We first derive the two-dimensional Green’s function in terms of the Stroh formalism in an exact closed form
for magnetoelectroelastic full-, half-, and bimaterial-planes with general anisotropy. In virtue of the simple Green’s
function solution and the equivalent body-force concept, the elastic, electric, and magnetic fields induced by an arbi-
trarily shaped polygon with a uniform eigenfield inside are evaluated analytically. The solution is then applied to the
nanostructures where the typical T- and V-shaped quantum wires are treated as inclusions embedded in the semi-
conductor substrate. While numerical results for the reduced elastic and piezoelectric cases are in consistence with
previous ones, certain interesting new features on the elastic, electric, and magnetic fields are observed for the fully
coupled magnetoelectroelastic solid, which could be of interest in the composite repair, and fabrication and design of
novel magnetoelectroelastic semiconductor devices.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Many striking features have been observed as related to the coupling among the elastic, electric, and
magnetic fields, such as piezoelectric (PE), piezomagnetic (PM), magnetoelectric (ME) and magnetoelec-
troelastic couplings (Benveniste, 1995; Erber et al., 1997; Meeker and Dozor, 1999; Sander, 1999; Aboudi,
2001; Fiebig et al., 2002; Ryu et al., 2002; Mazumder and Battacharyya, 2003). It is particularly interesting
that although magnetoelectric coupling does not exist in piezoelectric or piezomagnetic phase alone, it can
be acquired in the corresponding composites, and the effect could be even larger than that in some of the

*Corresponding author. Tel.: +1-330-972-6739; fax: +1-330-972-6020.
E-mail address: pan2@uakron.edu (E. Pan).

0020-7683/$ - see front matter © 2004 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2004.03.017


mail to: pan2@uakron.edu

4362 X. Jiang, E. Pan | International Journal of Solids and Structures 41 (2004) 4361-4382

single phase materials of magnetoelectricity (e.g., Nan, 1994). The energy conversion among elastic, elec-
tric, and magnetic forms provides numerous opportunities for potential applications of the coupling
materials and structures as ultrasonic transducers, magnetic-field probes, and microdrives (Erber et al.,
1997; Gibbs et al., 1997; Frank and Schilling, 1998; Meeker and Dozor, 1999; Li, 2003). In order to
understand the coupling features in and among PE, PM, and ME, various analytical and numerical studies
have been also carried out (Daher, 1996; Ting, 1996, Huang and Kuo, 1997; Li and Dunn, 1998; Aboudi,
2000; Li, 2000, 2003; Liu et al., 2001; Pan, 2001, 2002a; Pan and Heyliger, 2002; Chen and Lee, 2003; Ding
and Jiang, 2003; Gao et al., 2003a,b; Horiguchi and Shindo, 2003; Soh et al., 2003; Wang and Zhong,
2003a,b; Pan and Han, submitted for publication).

Stimulated by potential performance improvement on semiconductor devices (Goldoni et al., 1997a,
1999), nanoscale quantum structures, namely, quantum well (QW), quantum wire (QWR) and quantum
dot (QD), have been widely and intensively studied in recent years. It is noted that most semiconductor
materials used in the fabrication of these nanoscale quantum structures exhibit the PE coupling, i.e., the
piezoelectric coupling (Caro and Tapfer, 1995; Lomascolo et al., 1999, 2000; Andreev and O’Reilly, 2000;
Liu et al., 2002; Pan, 2002b), while the PM and ME couplings are becoming current interest for researchers
(Gippius et al., 1994; Miura et al., 1998; Austing et al., 1999; Mauritz et al., 2000; Lang et al., 2003).
Perhaps the most attractive one is the so-called diluted magnetic semiconductor (DMS), made possible by
introducing a small quantity of magnetic ion into a normal semiconductor (Dietl et al., 2001; Park et al.,
2002). Associated with this novel semiconductor is the giant magnetoresistance (GMR) effect, which can be
observed in layered magnetic thin-film structures consisting of a stack of alternating layers of magnetic and
nonmagnetic atoms (i.e., the DMS). The corresponding ferromagnetic/semiconductor heterostructures may
lead to the “marriage” of magnetic storage and semiconductor devices, and the development of next
generation spin-electronics or spintronics devices for data storage and processing at the same time.

It is very interesting that under certain assumptions, the QWR induced field can be solved using the well-
known Eshelby inclusion method (Ting, 1996; Mura, 1997). For the isotropic and anisotropic elastic case,
various investigations on the Eshelby problems related to polygonal inclusion have been carried out
(Rodin, 1996; Nozaki and Taya, 1997; Faux et al., 1997; Yu, 2001; Glas, 2003), including a very interesting
application to the cracked composite repair using composite patches (Duong and Yu, 2003). For general
anisotropy with PE, ME, or ME coupling, solutions to the Eshebly problems of polygonal inclusion have
also been developed based on the analytical continuation and conformal mapping methods (Ru, 1999,
2000; Wang and Shen, 2003), and the Green’s function method and the equivalent body-force concept (Pan
and Jiang, 2003; Pan, 2004a,b). However, an exact closed-form solution for the corresponding Eshelby
inclusion problem in general anisotropic and fully coupled magnetoelectroelastic solids is still lacking. Yet,
such a solution could be of significant interest in future composite repairs, and fabrication and design of
magnetoelectroelastic semiconductor nanostructures.

Therefore, in this paper, we derive the exact closed-form solution for the generalized Eshelby problem
with an arbitrarily shaped polygonal inclusion in anisotropic magnetoelectroelastic full-, half-, and bi-
material-planes. To achieve our goal, we first derive an integral expression for the induced extended dis-
placement (defined later) in terms of the line-source Green’s functions. We then derive the simple and
closed-form line-source Green’s functions in the full-, half-, and bimaterial-planes. Finally, we carry out the
integral involved in the extended displacement expression and obtain the analytical solution. It is
remarkable that even for the general anisotropic and fully coupled magnetoelectroelastic solid with arbi-
trarily shaped inclusions, the induced elastic, electric, and magnetic fields can be expressed in the exact
closed form! The present closed-form solution is further applied to the typical T- and V-shaped QWRs and
the induced field distribution inside and outside the QWR is also discussed. This paper is organized as
follows: In Section 2, we describe the general inclusion problem and derive the elastic, electric, and mag-
netic fields in terms of the Green’s functions using the equivalent body-force method (Mura, 1987; Pan,
2004a,b). The full- and half-plane Green’s functions for magnetoelectroelasticity are derived in Section 3
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with the corresponding bimaterial Green’s functions being given in Appendix A. In Section 4, we derive the
exact closed-form expressions for the induced elastic, electric, and magnetic fields inside and outside the
inclusion for both the full- and half-plane cases with the corresponding results for the bimaterial-plane
being given in Appendix B. While numerical studies are carried out in Section 5 for the induced fields inside
and outside T- and V-shaped QWRs which reveal various interesting features, concluding remarks are
made in Section 6.

2. Problem formulation

Let us assume that there is a general inclusion with arbitrary shape in anisotropic magnetoelectroelastic
full- or half-plane (z < 0), with V' denoting the inclusion and 0V boundary of the inclusion. An extended
uniform eigenstrain y;,(y;;, —E7, —H;) is applied inside the inclusion (Fig. 1). While the elastic eigenstrain is
due to the mismatched lattice constants between the QWR and matrix (Faux et al., 1997), the eigen-electric
field and eigen-magnetic field could be directly connected to the spontaneous polarization and magneti-
zation (e.g., see Jogai et al., 2003). For the half-plane case, the surface of the half-plane (z = 0) is assumed
to be traction-free (i.e., the elastic traction, the normal components of the electric displacement and
magnetic induction are zero).

We first define the extended constitutive relationship as (Pan, 2002b):

gy = Cuxivi (1a)
with
Cijklv Jaszvk:17273
vy I=1=1,2,3 e, J=j=1273 K=4
=y —E, =4 ew, J=4K=k=1273
—Hj, =5 _Jauy, J=j=123 K=5
oy J=j=123 T Vg J=5K=k=123 (1b)
gy = Di7 J:4 _}vih J:4,K:5,J: ,K:4
Bi7 J=35 —&il, J=K=4
—Hi J=K=5

In the above equations, y;;, E;, and H; are the elastic strain, electric field, and magnetic field, respectively;
0, D;, and B; are the elastic stress, electric displacement, and magnetic induction (i.e., magnetic flux),

z
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Fig. 1. A general inclusion problem in an anisotropic magnetoelectroelastic (x,z)-half-plane (z < 0): an extended eigenstrain
5;(vi;» —E;, —H;’) within an arbitrarily shaped polygon.
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respectively; Ciju, &, and p;; are the elastic, dielectric, and magnetic permeability coefficients, respectively;
ek qik, and A; are the piezoelectric, piezomagnetic, and magnetoelectric coefficients, respectively. It is
apparent that the fully coupled model can be reduced to various uncoupled ones by setting the appropriate
coefficients to zero (Pan, 2002a).

The extended strain—displacement relation for small deformation is (Pan and Heyliger, 2002):

7y = 0.5(ui; +u;); Ei=—¢; Hi=—y, @

where u;, ¢, and y are the elastic displacement, electric potential, and magnetic potential, respectively.
The equilibrium equations for the stresses, and the balance for the electric displacement and magnetic
induction are

61"]7[ = 0 (3)

Based on the method of superposition and equivalence body-force concept, and following the procedure
of Pan (2004a,b), we express the extended displacement uy (uy, ¢, ) at X = (X,Z) as an integral over the
boundary of the inclusion as

() = Conny [ 155X (x) 45 @

where n;(x) is the outward normal on the boundary 0V; and u (x; X) is the Jth Green’s elastic displace-
ment/electric potential/magnetic potential at x = (x,z) due to a line-force/line-charge/line-current in the
Kth direction applied at X.

3. Two-dimensional magnetoelectroelastic Green’s functions
3.1. Full-plane

We take the model system consisting of an infinitely long cylinder with a polygonal cross section within a
magnetoelectroelastic space. The problem can thus be reduced to a generalized 2D plane-strain deforma-
tion in (x,z) plane. In other words, the deformation is independent of y-coordinate so that we only consider
field distribution on the cross section parallel to the (x,z) plane. We also assume that an extended line force
S =N, fa, fas —fes =) is applied at (XaZ)'

Extending the anisotropic piezoelectric full-plane Green’s functions using Stroh formalism (Ting, 1996)
to the general magnetoelectroelastic case, we find that the extended displacement vector u and stress
function vector ¥ have expressions:

1
u=—-Im{A(In(z. — s.))q>}
i 5)
¥ =_Im{B(In(z. —5.))4™}
in which Im stands for the imaginary part, and p, (contained in z, and s, as shown in Egs. (6) and (7)), 4,
and B are the Stroh eigenvalues and corresponding eigenvectors. Also in Eq. (5) we have:
(In(z. —s.)) = diag[ln(z; — s1),In(z2 — 52),In(z35 — 53), In(z4 — 54), In(25 — 55)] (6)

where z; and s,(J = 1,2,3,4,5) are complex variables associated with the field and source points of the
Green’s functions, and are defined as

ZJ:X+pJZ7 Sj:X+pJZ (7)
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It is further noticed that in Eq. (5) we have
=A'f (8)

where the superscript T denotes the matrix transpose.
3.2. Half-plane
The Green’s functions for anisotropic magnetoelectroelastic half plane can be obtained following the

work of Ting (1996) and Pan (2004a,b). In other words, the extended displacement vector # and stress
function vector ¥ assume the following forms:

1 OO
u=—Im{A(In(z, - 5.))g*} + ImZ{ .5 >q}
9)
.p:llm{Bﬂn( — s g7+ = Imz «— S04,
T
where
(In(z. —53,)) = diag[ln(z; — 5;),In(z; — 55),In(z; — 5/), In(z4 — 5), In(zs — 5,)], (10a)
an over-bar indicates complex conjugate, and ¢, is defined as
4, = K 'KIL,g™ (10b)

with the matrix K taking care of the boundary conditions on the surface of the half plane (Pan, 2004a,b; see
also Eq. (15) below), and diagonal matrices I, having the form:

= diag[1,0,0,0,0); I, = diag[0,1,0,0,0); I = diag[0,0,1,0,0};
1, = diag[0,0,0,1,0); Is = diag[0,0,0,0, 1] (11)

We point out that the first term in Eq. (9) corresponds to the full-plane Green’s functions while the
second term is the complementary part resulting from the effect of the free surface of the half plane. We
further mention that the 2D magnetoelectroelastic Green’s functions for the corresponding bimaterials can
also be derived similarly and the results are given in Appendix A for the sake of completeness. With these
Green’s functions, Eq. (4) can be evaluated to get the extended displacements. However, we will prove in
the next section that after substitution of the Green’s functions into Eq. (4), the integral involved can be
evaluated analytically and the resulting solution has a very simple and exact closed form.

4. Analytical solution

Substituting the Green’s functions in Egs. (5) and (9) into Eq. (4) and integrating with respect to the field
point (of the Green’s function) over each line segment forming the boundary of the polygon, we achieve the
exact closed-form solution for the inside and outside elastic, electric, and magnetic fields in both full- and
half-planes.

Let us set a generic line segment along the boundary of the inclusion from point 1 (x;,z;) to point 2

(x2,25) as the sth line segment, with length /) = \/ (2 — x1)2 + (z — 21)2. Then we carry out the integration
of the right-hand side of Eq. (4) from point 1 to point 2, sum over all the line segments, and find the
following exact closed-form expression for the extended displacement in the magnetoelectroelastic half-
plane:
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Zl’l ClJLm/Lm Im{AJRh (X ZAKR+ZAJRgR\ X Z)QRK} (12)
v=1

where n( is the ith outward normal component of the sth line segment given by

) =(z—z)/1Y; 0 = —(x—x1) /1 (13)
Also in Eq. (12), matrix @ is defined as

Oy = KrsKsidw, (14)
with the superscript “—1” denoting inverse matrix, and the matrix K having the form as

K=1,A4+1B (15)

where I, and I, are 5x 5 diagonal matrices whose five diagonal elements are either one or zero, and satisfy
conditions:

IL+1,=I, II=0 (16)

with I being an identity matrix of 5x35.

We also point out that, the first term contalnmg hR in Eq. (12) stands for the contribution from the full-
plane Green’s functions, and the one involving gR‘ for the contribution from the boundary condition on the
surface of the half plane. hR and gR‘) can be expressed, respectively, as

h§§>(X,Z):/() In{[(x2 —x1) + pr(z2 — z1)]t + [(v1 + prz1) — sz} dt

X, 2) = / In{{(x2 — x1) + pr(e2 — 2]t + (11 + przr) — 5} dr (17)

and after integration eventually have explicit expressions as

Y +Pr21) — Sk X2+ Prza — sp
h()X7Z = (x1 In et e 11
! ( ) (2 —x1) + pr(za — z1) X1 + prz1 — Sk [ 2 T PrZ2 R}

(s) (x1 —|—pRzl) -5, X2 + prza — )

v X7Z = + Infx, + Sy -1 18
iy ) (2 —x1) + pr(za — z1) x1 + prz1 — 5 [x2 + prz2 — 5, (18)

Implementing the basic elastic strain—displacement, electric field-electric potential and magnetic field-
magnetic flux relations (Pan, 2004a,b), the induced elastic strain, electric and magnetic fields can also be
obtained in the exact closed form (o, f = 1, 3):

N (s) 5
s * li s s v
Vﬁz(X) = Z 057’1,(>CL/LmVLm ?Im{AJRhE?L(X, Z)AﬂR + ZA-/Rgl(h?‘(x(X7 Z)QR[f}

s=1 v=1

s=1 v=1

N (s) 5
s * li K 5 v
+) 0.5n§A>C,-JLmyLm7Im{A,Rh§Qﬂ(X, Z)Am+ ) AJRgI(h?ﬁ(X,Z)QM} (19a)

N (s) 5
s * l[ s s \4
12.(X) = D050 Cuat, nlm{Amh}L (X, 2) A+ D Al (X, Z)QRZ} (19b)
s=1
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N (s) 5
s * li s s v
E(X) ==Y 0" Cunut,, ?Im{AJRth (X, 2)Aar + Y A (X, Z)QR4} (19¢)
s=1 y=1
= 1
Ha (X) = - Z nib CiJLszm
s=1

L
T

5
Im{AJRhﬁg;L(X, ) Ak + > Ay (X.Z) ;;5} (19d)
v=1

Thus, we have derived the exact closed-form solutions of the extended displacement, strain, and stress
fields due to a straight-line segment on the boundary of the inclusion. If all or part of the boundary is
curved, one can use line-segments of small length to approximate the curved line. We also remark that the
above solutions are for the induced fields in the anisotropic magnetoelectroelastic half-plane; for the
corresponding full-plane case, we need to extract only those terms containing h;‘") or its derivative from the
above solutions. Furthermore, the corresponding solutions in bimaterials are also provided in Appendix B.

5. Numerical studies

To test the accuracy and generality of the inclusion solution derived in this paper, we first examine the
cases in Pan and Jiang (2003) and Pan (2004a,b) where we studied the elastic and electric field distributions
in GaAs substrate containing QWR inclusion with certain shapes. The decoupled piezoelectric solutions are
obtained from the general magnetoelectroelectric coupled solution presented in this paper by setting the
piezomagnetic (¢;) and electromagnetic (/;;) coefficients to be zero. It is found that the results based on the
formulation given in this paper agree with those in previous research work (Pan and Jiang, 2003; Pan,
2004a,b).

Another check for our solutions is the well-known benchmark result, that is, the induced fields inside an
elliptical inclusion of a uniform eigenstrain in a full plane are uniform (i.e., Eshelby, 1957; Ru, 2000). In this
test, the eigenstrain inside the inclusion is assumed to be y; =7; =7y, =1 and the material properties
selected for this and the following cases are listed in Table 1 (Pan, 2002a). It is noted that these properties
are chosen from the composite materials consisting of fiber reinforcement which is piezoelectric BaTiO; and
matrix which is magnetostrictive CoFe,O,4. For an elliptical inclusion in the anisotropic magnetoelectro-
elastic full plane, we let the center of ellipse be at O(0,0) with its major axis equal to 20 nm and minor axis
10 nm. A polygon with N sides is employed to approximate the inclusion.

Table 2 demonstrates the strain component y,, at different locations (X, Z) (X = Z) within the polygonal
inclusion when the polygon has sides N = 25, 50, 100, 500, and 1000. We observe clearly from Table 2 that
as N increases, in other words, as the polygon approaches an ellipse, the strain component y,, becomes
uniform within the ellipse. Table 3 presents the strain component 7, electric field components E,, E, and
magnetic components H,, H, when N = 500, with E, and H, being zeros due to the transverse isotropy of the
material. The result in Table 3 again verifies our exact closed-form solution.

Table 1
Material properties of the fully coupled magnetoelectroelastic solid (C;; in 10° N/m?, e;; in C/m?, /;; in N's/V C, g in 10~ C/Vm, y;; in
107% N's?/C?, and ¢;; in N/Am)

Cy=Cn Cip Ci3=Cxn Cs3 Cyq = Css Ces = 0.5(C11—C12)
166 77 78 162 43 44.5

€3 = €3 €33 €24 = €15 q31 = 432 q33 q15 = 424

-4.4 18.6 11.6 580.3 699.7 550

&1 =&y &3 Hiy = Ko H33 Ai(i,j =1-3)

11.2 12.6 5 10 0
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Table 2
Horizontal strain component y,, at (X, Z) (X = Z) within the inclusion of N-sided regular polygon with N = 25, 50, 100, 500, and 1000
X =Z (nm) N =25 N =130 N =100 N =500 N = 1000
0 0.680751 0.680751 0.680746 0.680746 0.680747
1 0.680743 0.680751 0.680746 0.680746 0.680747
2 0.680741 0.680751 0.680746 0.680746 0.680747
3 0.680773 0.680751 0.680746 0.680746 0.680747
4 0.680808 0.680752 0.680747 0.680746 0.680747
5 0.680829 0.680754 0.680747 0.680747 0.680747
6 0.681212 0.680738 0.680748 0.680747 0.680747
7 0.681391 0.680712 0.680749 0.680748 0.680747
8 0.673576 0.681110 0.680758 0.680752 0.680748
Table 3
Elastic, electric (x107 V/m), and magnetic (x107 A/m) fields at (X,Z) (X = Z) within the inclusion of a 500-sided regular polygon
X,Z (nm) Vez E E. H, H.
0 1.18106 0.0000 -129.070 0.00000 1.56973
1 1.18106 0.0000 -129.070 0.00000 1.56973
2 1.18106 0.0000 -129.070 0.00000 1.56973
3 1.18106 0.0001 —-129.070 0.00000 1.56973
4 1.18106 0.0002 -129.070 0.00000 1.56973
5 1.18106 0.0003 -129.070 0.00000 1.56973
6 1.18106 0.0005 -129.070 0.00000 1.56973
7 1.18106 0.0005 -129.070 0.00001 1.56972
8 1.18106 0.0005 -129.070 0.00001 1.56970

After testing our solutions, we now apply the exact closed-form solutions to the QWRs with T-shaped
and crescent-shaped (V-shaped, or V-grooved) cross section, embedded in either the full- or half-plane
substrate. Fig. 2 shows the geometry of a T-shaped QWR in the magnetoelectroelastic full-plane, obtained
from experimental observations of Goldoni et al. (1997b), Rossi et al. (1997, 1999), Grundmann et al.
(1998), and Itoh et al. (2003). The T-shaped QWR is formed by intersecting two QW structures where the
carrier is confined only in one direction.

Figs. 3-6 show the field distribution within the region bounded by the dashed rectangle PORS in Fig. 2.
It is evident that corner/vertex points cause concentration, and that the distribution of elastic, electric, and

20 T T T

20 |— P71

z (nm)

40 —

Fig. 2. A T-shaped QWR within the full-plane substrate. While the dashed rectangle PORS is the region shown in Figs. 3-5, the line ab
indicates where the singular behavior is tracked as shown in Fig. 6.
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Fig. 3. Hydrostatic strain y,, + 7., distribution inside and outside the T-shaped QWR in the full-plane magnetoelectroelastic substrate.
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Fig. 4. Total electric field \/E? + E? (x107 V/m) distribution inside and outside the T-shaped QWR in the full-plane magnetoelec-

troelastic substrate.

magnetic fields are all symmetric with respect to the z-axis due to the fact that both the geometry and

material property are symmetric.

Firstly, contours of hydrostatic strain distribution are plotted in Fig. 3. It is clear that the strain dis-
tribution is strongly influenced by the QWR cross-section shape, particularly by the location of the vertex
or corner point of the QWR. We also observe that the inside field is larger than the outside field, being as
high as twice the uniform eigenstrain within the inclusion. The thick line denotes zero hydrostatic strain
separating the tensile (>0) region from the compressive (<0) one. The maximum hydrostatic strain occurs at
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Fig. 5. Total magnetic field \/H2 + H2 (x107A/m) distribution inside and outside the T-shaped QWR in the full-plane magnetoelec-
troelastic substrate.
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Fig. 6. Strain components y,, 7.., and y_ in (a), electric fields E, and E. (x107 V/m) in (b), and magnetic fields H, and H, (x107 A/m)
in (c), along the line ab (i.e., x = —3z/7) shown in Fig. 2 with the middle being at the corner point d (7, —3 nm).

the center of the top part of T-shape (Fig. 3). Secondly, Fig. 4 shows the total electric field. The most
interesting feature associated with the electric field is that in the lower part of region, the electric fields
inside and outside the T-shaped QWR are continuous across the two vertical boundary lines of the QWR
(see, e.g., the thick contour line representing 40 x 107 V/m). Thirdly, Fig. 5 shows the corresponding total
magnetic field. Similarly, the magnetic fields inside and outside the T-shaped QWR are continuous across
the two vertical boundary lines of the QWR (e.g., the thick contour line representing 1x 10’ A/m). Finally,
Fig. 6a, b, and c show the variation of the strain, electric, and magnetic fields along the line ab with its
middle at corner point d (7 nm, —3 nm) as indicated in Fig. 2. Observation of these figures reveals that while
the strain components 7y, and v, are finite at this corner, the strain component y,, shows a logarithmic
singularity (Fig. 6a). As for the electric and magnetic fields, the horizontal electric component E, (Fig. 6b)
and magnetic component H, (Fig. 6¢) are singular at the corner whilst their corresponding vertical com-
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ponents are finite. This feature has never been reported in any literature, and could be helpful in the future
composite repair, and fabrication and design of magnetoelectroelastic QWR structures.

We then apply our solution to the same T-shaped QWR but in the magnetoelectroelastic half-plane
substrate (Fig. 7), with results shown in Figs. 8-10. Comparing the induced fields in the half-plane to those
in the full-plane substrate, i.e., Fig. 8 vs. Fig. 3; Fig. 9 vs. Fig. 4; Fig. 10 vs. Fig. 5, one can clearly observe
the influence of the free surface of the half-plane on the induced fields. In general, the outside fields on top
of the T-shaped QWR are affected mostly. For instance, while the magnitude of the inside hydrostatic strain
(Fig. 8) increases to about 2.2 for the half-plane case, instead of 2.0 for the full-plane case (Fig. 3), the
outside hydrostatic strain above the T-shaped QWR increases to 0.35 at the center of the free surface,
almost seven times larger than that for corresponding full-plane case. Furthermore, all the outside
hydrostatic strain becomes positive for the half-plane case (Fig. 8 vs. Fig. 3). It is also interesting that the

N

Fig. 7. A T-shaped QWR within a half-plane substrate (z < 0).
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Fig. 9. Total electric field \/EZ + E2 (x107V/m) distribution inside and outside the T-shaped QWR in the half-plane magnetoelec-
troelastic substrate (z < 0).
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free surface has only slight influence on both the electric and magnetic fields, and the most affected area is
on top of the T-shaped QWR (Figs. 9 and 10), where one can also see the change of contour shapes due to
the existence of the free surface (Fig. 9 vs. Fig. 4; Fig. 10 vs. Fig. 5). However, the lower part of the inside
and outside regions does not experience much changes, and in particular, the fields inside and outside are
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still continuous across the two vertical lines of the QWR boundary (Figs. 9 and 10). Therefore, in the
fabrication and design of QWR structure, the distance of the QWR to the free surface needs to be carefully
arranged and the features we observed also need to be taken into consideration.

Finally, we study the ‘classic’ V-shaped QWR structure (Kapon et al., 1989; Rinaldi et al., 1994; Gu-
stafsson et al., 1994, 1996; Grundmann et al., 1994; Goldoni et al., 1996; Rossi et al., 1997, 1999) in the
semiconductor full-plane using our solutions. The V-shaped QWR has a crescent cross section (Fig. 11)
where the upper boundary of the crescent is part of the circle with radius of 26.66 nm, and the lower part is
formed by two straight-line segments BI and CJ and part of a circle with radius of 13 nm. The two straight-
line segments are at an angle of 54.74° from the horizontal x-axis and the maximum thickness of the
crescent, OA4, equals 10 nm (Kapon et al., 1992; Faux et al., 1997). The mechanism involved in the for-
mation of crescent-shaped QWR during fabrication is discussed in Kapon et al. (1992).

Similar to the T-shaped QWR, the V-shaped QWR is symmetric with respect to the z-axis and thus
the induced fields are also symmetric (Figs. 12-14). It is noted that the induced response inside is much
larger than that outside, with the exception of the magnetic field where both inside and outside fields
have the same magnitude (Fig. 14). Again, with the exception of the magnetic field, the contours of the
elastic strain and electric fields inside the QWR seem to follow the shape of the crescent curve, as
demonstrated in Figs. 12 and 13. Furthermore, the electric field outside also follows the shape of the
crescent curve (Fig. 13) while the strain and magnetic fields outside show concentrations at different
locations (Figs. 12 and 14). It is interesting to point out that as far as the elastic strain field (Fig. 12) is
concerned, the contour lines of zero value, which extend from the tips of the QWR, are almost coincide
with the two lines-segments Bl and CJ that bound the V shape (in particular for y, and y,. in Fig. 12 a
and b, respectively).

In summary, for the T-shaped QWR within the substrate, the following features are observed:

(1) The shear strain component, horizontal electric and magnetic fields are singular at the corners of the
QWR, whilst other components are finite there. The singular behavior of electric and magnetic fields
has not been discussed before in any literature;

(2) The induced response inside the QWR is usually larger than that outside;

(3) In the lower part of the T-shaped QWR structure, the electric and magnetic fields are continuous across
the two vertical lines of the QWR boundary, whilst the strain field is still discontinuous;

(4) Free surface of the QWR structure can have a strong influence on the induced field, in particular, in
the upper part of the QWR.

40 T T T T T I E— al
30
20 Q B
g 10 A
N
0 J 5
~10
—20 | I I I J
40 20 0 20 40

Fig. 11. A crescent/V-shaped QWR within the full-plane substrate.
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Fig. 12. Distributions of strain component y,, in (a), y,, in (b), and hydrostatic strain y,, + 7., in (c), inside and outside the crescent/V-
shaped QWR in the full-plane magnetoelectroelastic substrate.
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Fig. 13. Total electric field y/E? + E? (x107 V/m) distribution inside and outside the crescent/V-shaped QWR in the full-plane mag-
netoelectroelastic substrate.
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Fig. 14. Total magnetic field \/H2 + H? (x107 A/m) distribution inside and outside the crescent/V-shaped QWR in the full-plane
magnetoelectroelastic substrate.

For the V-shaped QWR, the induced field shows the following characteristics:

(1) The induced field inside is much larger than that outside, with the exception of the magnetic field where
both inside and outside fields have the same magnitude;
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(2) With the exception of the magnetic field, the contours of the elastic strain and electric fields inside the
QWR seem to follow the shape of the crescent curve;

(3) The electric field outside seems also to follow the shape of the crescent curve while the strain and mag-
netic fields outside show concentrations at different locations.

6. Conclusions

In this paper, we first derive the 2D line-source Green’s functions in full-, half-, and bimaterial-planes of
general anisotropic magnetoelectroelasticity. By virtue of the simple Green’s function expression and the
equivalent body-force concept, the elastic, electric, and magnetic fields due to an arbitrarily shaped
inclusion with a uniform eigenstrain are derived in an exact closed form. The exact closed-form solution is
then applied to the typical T- and V-shaped QWRs in full- and half-plane semiconductor substrates made
of transversely isotropic magnetoelectroelastic materials. Numerical examples show various new features,
which could be of interest in the future composite repair, and fabrication and design of novel semicon-
ductor nanostructures made of anisotropic magnetoelectroelastic materials.

We also remark that the application of the exact closed-form solution to the QWR structure is based on
the assumption that the QWR can be treated as an inclusion. In reality, the material property of the QWR,
as a function of the mismatched lattice constants (Ellaway and Faux, 2002; Chung and Namburu, 2003),
could be different from its surrounding matrix. The effect of the mismatched lattice constants on the QWR
material property and the subsequent influence on the induced field is currently under investigation.
Research results will be reported in the future.
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Appendix A. Two-dimensional Green’s functions for anisotropic magnetoelectroelastic bimaterials

Let us assume that materials 1 and 2 occupy, respectively, the half-planes z > 0 and z < 0. As in the text,
we also assume that the deformation is in the (x,z)-plane and is independent of the y-coordinate. An ex-
tended line force f = (f1, f2, /3, —fes —fm) 1 applied at point (X, Z) in one of the half-planes. To derive the
Green’s functions, it is sufficient to find the extended displacement vector u and stress function vector ¥ due
to the extended line force (Ting, 1996; Pan, 2004a,b), which are presented below for different combinations
of the source and field points.

Assume that the source point (X, Z) is in the half-plane of material 1 (A = 1 or 2). Then if the field point
(x,z) is in the source plane (i.e., the half-plane of material 1), the displacement and stress function vectors
can be expressed as

y 1 )G (IS N 0
() — — (%) (1) _ (DY) oo - (4) () _ <Ay ()
i = —Im {4 (in(=0) — s))g**} +—~Im ; {49 nE =574}

A 1 Y i 00,/ 1 - 2 <4 g
¥ = —Im{B (=) — s))g* "} +—tm Y { B9 (I —5))q |
J=1
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If the field point (x,z) is in the other half-plane of material u(u # 1) (4, u = 1 or 2), they have the form as

1 3 )
W — — (w) (1) _ (A) ()
u nIm JE 1 {A (In(z! gy }
e L ZS ) 5))gh (A2
u - ) u 4
7T = {B ln )> }

In Egs. (A.1) and (A.2), the superscripts (1) and (u) denote the quantities associated with the material

domains 1 and 2. p 2 AU‘), and B are the Stroh eigenvalues and the corresponding eigenmatrices. Also in
Egs. (A.1) and (A.2), we have:

(In(z" — s)) = diag[In(z\" — s{), In(zy? - 557), (2’ — 7)), @ —s§), I —s{)]
(In(z" —5)) = diagln(z" —51), In(zy? —5%), Iz’ —57), In@z{" —57), I -5
(In(z" —s1)) = diag[In(z" — s, In(zY" — 1), (" — 7)), @Y — ), I —s7)]

(A.3)

where 23” and s.(,“) (o = 1,2) are complex variables associated with the field and source points, respectively.
They are defined as

29— xtpls o =X +pfPZ (A4)

We further observe that the first term in Eq. (A.1) corresponds to the full-plane Green’s functions in
material A with

g = (AD)'f (A.5)

The second term in Eq. (A.1) and the term in Eq. (A 2) are the complementary parts of the Green’s function
solutions. Also the complex vectors qj (A =12, J=1,2,3,45) in Eq. (A.l) and
q§ (n=1,2; J=1,2,3,4,5) in Eq. (A.2) are determined using the continuity conditions along the inter-
face of the two half planes. After certain algebraic calculations, these vectors can be expressed as (4, u =1

or 2, but u # A):

g = (AN (MP + MWy (MY — MOYAD g (A.6a)
for Eq. (A.1); and

q(Ju) = (A (MDD + MDY (MDD + MDYADL, g (A.6b)
for Eq. (A.2). In Egs. (A.6a) and (A.6b), matrix M is the impedance tensor defined as

M = —iBD(AP) (x=1,2) (A7)

and the diagonal matrix I; has the following expression for different indexes J:
I, = diag[1,0,0,0,0]; I, =diag[0,1,0,0,0]; I = diag|0,0,1,0,0];
I, = diag[0,0,0,1,0]; Is= diag[0,0,0,0,1] (A.8)

Appendix B. Analytical solution for arbitrarily shaped polygonal inclusion in anisotropic magnetoelectroelastic
bimaterials

Following the same procedure in Pan (2004a,b) and assuming that the inclusion with general coordinate
x = (x,z) (i.e., the field point of the line-source Green’s functions) is in the half-plane of material
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A2 =1 or 2), we derive the exact closed-form solution for the induced extended displacement vector due to
the contribution of a straight-line segment of the boundary of the inclusion. That is, when the field point
X = (X,Z) (i.e., the source point in the line-source Green’s functions) is in material 1, we have

! e
”K(X)—”CL/LmVLmIm{ h (X Z) KR+ZAJR Wry (X Z)QR;K} (B.1)

v=1

and when the field point X is in material u(u = 1 or 2, but u # 1) the solution is

! iy
ug(X) =m CL/LmVLm_Im{ ZAJRng (X,Z)0r } (B.2)

where #n; is the ith outward normal component; / is the length of the line segment over the boundary of the

polygon, which can be expressed as [ = \/ (x2 —x1)* + (z2 — z;)" by setting the generic line segment from
point 1 (x;,z;) to point 2 (x,,z,). Consequently, the outward normal components »; are constants, given by

nlz(Zz—Zl)/Z; 1’13:—()62—)61)/l (B3)

In Eq. (B.1), A4 is the eigenmatrix corresponding to the Stroh eigenvalues p, discussed in Appendix A,
and the matrix @ is defined as (A, u =1 or 2, but 4 # pu):

iy ) 50
O’ = KU (1')PAZ(V})’

v n (B.4)
O = Kiip(1) A5
where the matrix K is given by
) o N N\ —(2
KM — (A(A)> I(M().) +M(u)> (M(w —M( ))A( )
(B.5)

KM — (Am))*l (M(m n MW)_I (Mu) n MU’))A“)
Also in Eq. (B.1), the term contalmng h stands for the contribution from the full-plane Green’s

function, and those involving WR‘ in (B.1) and gf{f in (B.2) for the contribution from the interface condition
of the bimaterials. These functions are defined as

" 1 Py Py
W (x,7) = / In(z}) — s\ dr
0
1 -
g (X, 7) = /0 In(z% — s ds (B.6)

1
WX, 2) = /0 In(z{ — 5%)dr

and eventually have explicit expressions as

) (4) A (O ]
' (X,2) = ( (e +)pR Z:B)( °R ) e —l—pf))zZ sz> +1npe + pYlz — sy - 1
Xy —x1) +pp (22 — 2 X1+ prz1 — Sp
(4) o) (4) (]
ghX,2) = ( b +)pR Z:J)>( - ) = +p,&)22 S<vu> +1Infxy + pilzy — 5] — 1 (B.7)
X2 —X1) +pr'(z2— 21 X1+ pr'z1 — Sy
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Using the strain/displacement, electric field/electric potential, and magnetic field/magnetic potential
relations, the elastic strain, electric, and magnetic fields can be obtained in the exact closed form. Assuming
that the inclusion is in the inclusion half-plane of material A (1 =1 or 2), we find the contribution of the
straight-line segment of the polygon to the strain, electric, and magnetic fields as follows. When the field
point X is in the half-plane of material A, we have (o, f = 1, 3):

oL 1 iy
y[ia(X):O‘SniCEJAL)mVLm Im {AJRh (X, Z) ﬁR+ZAJR Rvoc(X Z)Q}le/j}

v=1

l
0sncila, Dimf A 24 + 3208 |

v=I

L iy
yZQf(X) :Osnlcz(j[?m’ybn Im{ h (X Z 2R +ZAJR R\ A(X Z) fé } (BS)

v=1

l A ALYV
E,(X) = nCzJLm/Lm Im{AﬁRh )<XZ Asr +ZAJR Rw(X Z)0x o }

v=I

[ A ALV
H,,(X) nCJLmVLm Im{A<IRh )(X Z SR +ZAJR szx(X Z) o }

v=1

and when field point is in the other half-plane of material u (4, u = 1 or 2, but u # 1), the induced fields are
l ALY A 1 AV
Vﬁa( ) = 0.5n CzJLmVLm_Im{ ZAJRng X,2) Qje/; + ZAﬁR)gl)?l‘ /; ,Z) Oy }
[ )
72(X) = 0.5n; CzJLmVLmIm{ ZAJR 8rva (X, Z) O o }

/
E,(X) = ”CIJLmVLm_Im{ ZAJR I/Qleoc(X Z) ﬂ)‘}

nu=1

/ 2,V
H“(X) nCIJLmyLm_Im{ZAJRgRLX(X Z) R }
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